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ASYMPTOTICS NEAR THE TIP OF A CRACK OF THE STATE OF STRESS
AND STRAIN OF INHOMOGENEOUSLY AGING BODIES®

V.P. ZHURAVLEV, S.A. NAZAROV and B.A. SHOIKHET

The asymptotic behavior is studied of the solution of the creep theory problem of
inhomogeneously aging bodies in the neighborhood of a crack tip. Asymptotic re-
presentations of the stresses and displacements are obtained. It turns out that
these representations for the stresses agree with the correspondong representations
in classical elasticity theory, while they differ for the displacements by addition-
al temrms. The formulas obtained for the displacements extend the results in /l1- 3/
in which the agreement between the asymptotics for the stresses in creep and elastic-
ity problems is confirmed for a homogeneous material.

1. Let Q@be a plane, connected domain with smooth boundaries containing a slit T =
{x|2z, =0, a {2, < b}, The equations of plane strain in Cartesian coordinates are obtained
from the equations of the three-dimensional problem /4/ by substituting the conditions (every-

where henceforth i, j =1, 2)

i (t, 3y, Ty T) = Ui (b Ty, Z), Uy = 0; &y = &35 (W= (g, + uy,)/2 (1.1)
o (6 X) + fi(t, ¥ =0, x&Q\T (1.2)
t
555 (8 X) .
T =43 0 — § Bl w00, 70, K e (7 x) e (1.3)
o
t
Ex [tt}ft;c’(‘))c), x| =e(tx)— S Ro [t + % (x), T+ %(x), x] e (7, x) dT
1]
e = (e + e)/3, &5 = Bije + €45, 045 = 850 + 545 (1.4)
up =0, x = 8y oyyny = P, (£, x), x =8y §, U §p, =092 (1.5)

01 = &1 (4 X), Oy = g2* (8, X), xS TE

Here Uy, Gy, &;; are the Cartesian components of the displacement, stress, and strain, re-
spectively, s, ¢; are the components of the stress and strain deviators, o, ¢ are their spher-
ical parts, E, (t,x), R, (¢, T, X) are the volume expansion modulus and the relaxation kernel under
multilateral tension (compression), G (¢t X), Ry, 7, X) are the shear modulus and the relaxation
kernel under shear, x (X) is a function of inhomogeneous aging characterizing the law of varia-
tion of material growth, and fi, P;, g§* are the volume and surface loads.

We shall consider the solution in an arbitrary time segment [0, T]. Let us formulate the
constraints under which the solution of the creep problem exists. For Vi let the loads f, P,
g:;* be square summable and piecewise continuous in ¢ (i.e., instantaneous changes in the load
are allowed at separate times) as a mapping of the segment [0, T] in the space L,, let the
moduli E,, G be continous in ¢, piecewise continuous in x and satisfy the estimates

Ey L Ey < By GG K Gy E,, E,, G, Gy= const >0
The relaxation kernels R, are representable in the form
R, (¢, 1,x) = p; (&, 7, Xt —+ g @ T X}, @ <1 (l.6)

where the p;, q; are bounded and continuous in ¢, v, piecewise continuous in x, and the func-
tion x (x) is bounded and piecewise continuous. It is known /5/ that under these constraints
there exists a unique generalized solution of the problem (1.1)— (1.5). From the manner of
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the proof of this assertion in /5/ and the known results /6/ on the smoothness of the solu-
tion of elliptic systems, there follows the local smoothness of the solution of the creep
problem in the coordinates X in regularity subdomains of the right side and the rheological
characteristics.

2. For definiteness, we will study the solution in the neighborhood U/ of the right tip
of the crack xp. It is assumed that the functions E,, G, p;, q; are smooth in the set of argu-
ments % T, X for ¢, 1[0, Tl, x = U. The functions f. are smooth in x for te< [0, T, x = U,
and the functions g+ are smooth in X for ;e |0, T}, x = U T'%, where

g (t x5) = g (t, xp) = & (t, xp), t <10, T] (2.1

(Here smoothness is understood to be the presence of a sufficient number of continuocus deriva-
tives, where it is assumed that the derivatives of the functions f;, g; with respect to the
space coordinates are piecewise continucus in ¢ as a mapping of the segment[0, T} in the space
of continuous functions). Then the solution is smooth in the domain U\ Dy, where D, is a
circle of radius d with center at xp, and J is arbitrary. Let us select d such that D,z U,
and let us introduce a smooth cutoff function y(x)such that y =1 for x& Dy, and X =0
for x & Dy Let (1, 8) be polar coordinates with origin at xs and polar axis directed along the
segment I such that the equalities 8 =0 and § = 2n hold, respectively, on I'F

Let us introduce a notation for the rheological characteristics "frozen" at the crack tip

X
G° (1) = Gt + = (xp), xBl, E,° (1) == Ey [t + % (xp), xp]
vz (B, —26)/(2G + 2E,), k=3 —4v
v () =vt+x(xs), xgl, k() =kt + = (xg), x5l
RS (t, %) = R; [t + % (xp), T+ % (xp), x5l
Theorem. Under the assumptions made, asymptotic representations of the solution of the
creep problem are valid (I is the displacement of the body as a rigid whole)

Lt 7,8
won =[Ol 0w 6 0+ GO0+ 2.2)

LOBG) + LOBOIx) o) +10 %)

. b, e)’ ’[2lc° t)—l]sm9/2+sm36/2i
A UL Ll PP ‘ “‘rzk°(t)+11cose/2+cosse/2l

. P,2 (¢, 0) ‘ [24° (t) — 1) cos 6/2 - 3 cos 30/2
VO = e, 0) —' — 2 () + 1] sme/z-SSmss;zH

£1(0) sxn9/2 £.2(6) cos 8/2

FO=lz 0)| =|cosorz)” ¥O= “Ee (f»ﬂ ﬁ—sm e/zﬁ
i . ll(t, X) _ al(t)“}—b(t)fl'z

Gx) =1 & 0] = ety — 0 () 2

Tpp {8, 1, B) = 26° (t)r“/’[Bl(t)(a,fz sin8/2 -+ %/,sin 36/2) + {2.3)

By ()(3/,¢088/2 + %/,c05 30/ 7 (1) + o (1)

Gop (2, 1, 0) = 2G° (§)r™* [B, ()(*/,5in 8/2 — 1/, sin 36/2) +
By (§)(%/; cos /2 — 3/, cos 30/2)] % (r) + o (4)

Oy (t, r, 8) = 26° (2 [B, (f)(— cos 0/2 + cos 30/2) +
B,(){sin6/2 — 3sin 38/2)] x () + o (1)

The coefficients 4;(f) in (2.2) are determined in terms of (, (1) from the solution of
a Volterra integral equation of the second kind

4,0 + YOI S Z(t, 1) 4, (t)dr— § R°(t, 1) 4; () dt + (2.4)

o

w S ZE VM~ 00 (v dr~

¢
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t
8 S Rt D@ — v (] Cmydr=0
4]

Zit, v = R (L, — BS (6 9)

The coefficients B;(f) in (2.3) are expressed in terms of (), (#) by the formulas

:
B;(ty="Ci{t) — S Ret, vCi(nyde

0

Formulas (2.2) allow term-by~term differentiation.

Remark lo. The asymptotic representations(2.3) for the stresses agree with the corres-
ponding representations of the elastic problem /7,8/.

20, If the kernels of volume and shear relaxation agree at the crack tip,and the Poisson's
ratio is  +°== const, then 4;=0 follows from (2.4), and the representations (2.2) agree with
the corresponding representations of the elastic problem. In the case of a homogeneous domain
this result follows directly from theorems of N.Kh. Arutiunian /9- 11/.

Proof. Let B be a Banach space, and let L« (0, ; B) denote the space of mappings Z of
the segment {0, ¢} into B allotted by the norm

|Z, B, t|=wessup | Z (1), B
[1< 2]

Then from the assumptions made above, the imbeddings

i L0, T; L@, P, =L=10,T; Ly(Sp)), g L= (0
T; Ly (TH)]

follow.

Let ;== uX, then the ¥; agree with u; in the domain Dy, equal zero outside [, and
are smooth outside the domain Dy,. Let oy (v) denote the stress of the creep problem that
corresponds to the displacements v, i.e., those obtained by substituting v intc (1.1) and
(1.3), and by assumption we set F;= —0y;;(¥) and Qi = o, (v). Evidently the equalities
oy (V) =ay ), Fi=f, and Q;* = gi¥ are valid in the circle Dy, and the functions F,; and
@;* are smooth outside the circle Dgyu.

The boundary 8D,y of the circle Dy makes right angles with I't, we "round off" these
angles by inscribing small arcs, smoothly tangent to I'* and 8D,;. The contour Y obtained
consists of segments of the crack edges, the round-off arc, and parts of the boundary 3D 4.
The domain bounded by the contour y is denoted by ®.

The functions v, g; (v), 6;; {v) are a solution of the creep problem in the domain ® for
the volume loads F = (F, F,) and the surface loads Q =(Q,, Q,), where @, = FQ;* on 7y (1%
and @;=0on y\ (T I

Let H (Q)denote the S.L. Sobolev space, and | v; H* (Q) | the nomm of the function v in
H*(Q). Following /12,13/, let Vi' (0) denote the space of functions v in ewith the norm

k .
1o Vet @)= 3 Irdito; B @)), k=01, ...
oty

where B is a real number. We let Vgt-¥:(y) denote the space of traces of functions from Ve' ()

onvy,
For brevity, we write the equation of the creep problem in displacements in operator form
Lv—Lf +F=0, x=w; Bv—-Bfv=Q, x=y (2.5)

Here L is the operator of the equilibrium equations of the instantaneous elastic problem,
LR is an operator containing all the integral components, Bv is the instantaneous elastic
surface stress vector, BRy are the integral components of the surface stress vector.

As usual, we seek the solution of the problem (2.5) in the form of series

o

v, r, 8= 2 v'{Er,0) (2.86)

n=i
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whose coefficients satisfy boundary value problems with the parameter &[0, T)

Lvi+F=0, x=o; Bvi=Q, x&v (2.7
L'+ Fl=0, xcao;, Bv'=Q"', x&vy, n=23,... (2.8)
F"ﬂE—LR\'n—l, Qn-]':BRV"_l

It is known /5/ that under the assumptions made the series (2.6) converges to a general-
ized solution of the problem (2.5) in r> [0, T3 H' (0)]

The first term of the series is the solution of the instantaneously elastic problem, and
the next terms are determined from the solution of the elasticity problem egquations with right
side dependent on the preceding approximation. It can be shown that the equilibrium condit-
ions assuring solvability of the elasticity problem for each ¢t are satisfied at each step.

Let us examine the problem (2.7) for any ¢ & [0, 7] under the assumption that F, Q are
arbitrary effects satisfying the equilibrium conditions, that are representable in the form

F = rfm (4,5 + A0y + F* {2.9)
e Lt _\ sin8/2 o t.2 _ cose/2“
T let] T |~ cos82|’ T ze?| |sin8/2
Q. Q.* — azy cosbfy

=

Q= Qol | Qs* — (2mdogri 4 cacos8/2) ¢

o — Y G (t
F*EV_@((D), Q.&V-O‘('Y), 6>0, m=m(t)§é~[-r_—2%-(m
(4;, 4,4, @;, @, are constants). The sclution is determined to the accuracy of the body displace-
ment as a rigid whole, hence, we impose the additional constraints

(vdo=0, (rotvde=0 (2.10)

o o

The following result holds, which follows from /12,13/ {a sufficiently detailed inter-
pretation of the results of /12,13/ on general elliptic boundary value problems in domains
with conic points as applied to elasticity theory is contained in /14,15/). The problem (2.7),
(2.10) under the conditions (2.9) is solvable uniquely, and the solution is representable in
the form

ve=rt (Copt + Col? + A8+ AE)FIm + v, weVhe) (2.11)

I, (x) = a; + bz, 1, (X) = ay — by
where(C,, C,, a,, a,, b are constants, and the following estimate is valid

Nvil= 2 4Cd+lah+ b1+ 1w Vi@ | < (2.12)

O3 140+ s+ 1F*, Vi @1 + 1% V5 1)

i=

Here and henceforth, the letter ¢ will denote different constants dependent just on the
domain ®, the number §, and the operator coefficients. We note that 1(x) is the body dis~
placement as a rigid whole, so that the operators L, L® B, BR vanish on !

We consider the first step in the iteration process. Because of the smoothness of F the
imbedding, F & V_°(w) holds for any 8§ <1. Because of (2.1), the difference Qi — g, is of
the order o (r), and hence, belongs to V_¢+(y) for any 6 <{1. Therefore the right sides in
(2.7) have the form of (2.9)

Ay =A4,=0, o =g (), @* = —Qy + a1 cos6/2, Qg* = —@, + ayx cos 6/2

According to (2.11) and (2.12) for Vte= [0, 7], the solution v! is representable in the
form

vie=pth (Copt -+ Cop?) g - 1t + wi (2.13)

I} = g + bz, L' = a! — blz,

and the following estimate is valid
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v = 3 (€ @]+ et @D+ 10 +

[ ), V@< (S 8@ +1FE ), Vi@ +
1Q* . ). V%)

-

There follows from this estimate that

2
vt t i< I, I(t)agligi, R4 t|+|F, V@), t]+ {Q* V), 1] (2.14)

The finiteness of the quantity [/ introduced in (2.14) follows from the assumption about
the piecewise continuity of the loads in time.

Before considering the second step in the iteration process, we present some auxiliary
calculations.

We let L° LF°, B° BR® denote the principal parts of the operators L, LR B, BR with coef-
ficients frozen in xp . It can be verified that the relationships

o
Lo

i 3 *
¢ = )@, + ﬁ-%
_ e . (2.15)
LQOV 3/4‘98 + ﬁ-c-(pr
Loy — LYy | e VO = 2N r + B Noy'|
LEv i 20Ny = 3/s Npg + B, No,’|
Y e
6 | —35¢, — 25@9"
B.°v — e o
Bv =], o =~ r'frcos — §==0,2
Bev| w, + 2agy |’ i
BEvy Ng, — Y2 Nog
By = = —rcos o G° v .
BRv 053 yNo, + 2aNeq
A [} E# 0
4z —_— E
rheos 5 55| 5 5q, + 2500 | §==0, 2n
= .t 2V
e=1on br=3a_m VT

hold for functions of a special kind, namely v, =g, (t, ' ve = gall 8)r
The dot in (2.15) denotes differentiation with respect to @, while ¥ and § are integral
operators given by the formulas

t

t
No =S Ret. vo@ 0dr, Seto={2¢ no od (2.16)
8 ]

We note that the second expression in {2.15) for LF° consists of two terms, the firstof
which can be obtained formally from the first expression in (2.15) for L° by replacing the

functions ¢, s by the functions Ng¢, and Ngs Similarly for the last two representations
in (2.15) for B®° and B°. This circumstance facilitates the calculations.

Let €, (#), C, (1) be arbitrary functions of the time. Calculations utilizing (2.15) show
that

L™ (o) =M gl BY (Crpt) =0 (2.17)

L® (r:Co®) == r=hM C,3?, B (rPhCyp?) =

21 MC,y
G° o ° E, Qo f 1,0
(Mo ()= 258 Vv () — v () N (0] + 252 So(ke — 1)(0)

Writing Nge {) means that the operator N given by (2.16) is evaluated on the product of
the functions g and 9.

The assertion, proved exactly in the same manner as in Lemma 1 in /S5/, is wvalid.
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Lemma. Let
we Lo [0, T; Vot (o), o = L= (0, T, RY).

Then for Vies[0, 7] the estimates hold (o is the exponent from condition (1.6})
t
. {2.18)
ILE W) (¢, ), Vie@ | < Clt — e w(r, ), Vie(@)de
[\

t
IBRw) (& L VE@ < C = o2 wi, ), V(e e (2.19)

H
1Se<Clt—re|em|dn, |Mew<CSt—r=|omde
1]

[}

(2.20)

For the second step in the iteration process (2.7) and (2.8) it is necessary to evaluate
F, Q' and to represent them in a form analogous to (2.9)

gt Q.
0;‘ H == E@e’“ — 24,1y, (2.21)

Taking account of (2.13) and (2.17), we obtain from the definition of Ft

Fle rim (A8 + 488 1+ F4, Q=

Fl=— LBy + 11 4 Wiy = (2.22)
— LR (3y) — L¥ (w) + L™ (2 —
L® (121 g = — r (MCAE + MG T g + F¥

F* = — LE (W) + L "8y y — LP (¥i3ly), Bt=Cr¢' + Co'¥?

We set 4;) = —m*MC}. For § <Y, the following inequality is valid
b4

1P, ), Vi@ ] <C St — e fivis, -)|dr (2.29)

]

An estimate of the first term in the expression for F# results from (2.18). Because of
the smoothness of the coefficients, the difference between the true rheological characteris-
tics and those frozen at the crack tip is of the order of r, hence, the difference between
the highest terms of the second two components is of the order r™2 i.e.,belongs to the space
V_° for §«- %, Therefore, in compliance with the lemma, the difference LR — LR in the ex~
pression for g« will also not exceed the right side of (2.23).

Taking account of (2.13) and (2.17), we obtain from the definition of Q

Q=B (/3 + I + W) =B" ("/ZY) + (2.24)
BF (wl) + B (r*/:2Y) x — B ("2 y =
0
ﬂzr_‘/’Mczlx“ -+ Q*l
Q* =B®(w) + BR (1Sl — B™ (r#gyy

The next inequality has exactly the same foundation as (2.23) (with satisfaction of (2.19)
instead of (2.18))

t
1 ), vami<e {e—oe|lvie, ) ide (2.25)

Thus, the right side of F!, (! are represented in the second step of the iteration process
in the form of (2.9):
A=At = —mMCP, a; =0, i =1 2,F* = F¥, Q* = Q¥ (2.26)
We conclude from (2.26) and (2.20) that

t
[armi<cle—roreci@ldr, i=1,2 (2.27)

¢
The representations for v? and the estimates for |[||vi(¢, )] follow from (2.11) and (2.12):
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V2= e (Ot + Colp® 4 A6 + Ap'8%) 1 - 12+ w2 (2.28)
L ==as? 4 UP2e, % ==a," —bny

2
vee oll= 2 (UCtO1+]ato)) +10 0]+ (2.29)

fwi, Vi@ | <<C @1 (A0 + | F* e, ), Vis@) | +
jQet, ). VE )

Collecting the estimates (2.23}), (2.25), (2.27) and (2.29) together, we obtain the in-
equality

¢
Mvee i< el e—oafivi, )jids (2.30)

o

We now consider the third step in the iteration process. Compared with (2.13), the form-
ula (2.28) contains two terms of a new kind, namely, the vectors §&,i= 1,2 are present in
the principal part. Calculations utilizing (2.15) show that

L¥ (i3 = 1D A8, BY (r/:4,8) =0 (2.31)
¥ (P1askh) =D AL, B (i) = ‘ 2r-'!?DAgl
Here ) is an integral operator of the form
D‘P(t)=“‘mN@(t)+~§%@-S(P(‘) (2.32)

Further calculations are a literal duplication of the process indicated in the second
atep with the difference that in the representations of the right sides of F%, Q*, analogous
to {2.21), the coefficients A4,® are expressed by the formula

A= —mt (MC? —-DA4AM, i =1, 2 (2.33)

The equality (2.33) generalizes (2.26); in addition to (2.17}, also (2.31) was utilized
in its derivation.

We consequently obtain a representation for v? and an estimate for ||| v3 (¢, +) Il in terms
of JIvi(, )|k
v o= P (C 3P O 4 A6 + ARH  + B+ w° (2.34)

t
v, .;mg(:§(t —~ e i vi (T, <) dv (2.35)

The next steps in the process are considered exactly as was the third step, hence, the
following assertions are valid, in complete analogy to (2.34), (2.33) and (2.35):the solution
v* is representable in the form

V= (O G+ AT+ ATEY S+ W n=3,4, ...

llﬂ == a{‘ + b"zg, lgn == ag" — b"x;
where the coefficients 4,"! are defined by the recursion formulas
A7 = —m (MO + DAY, =1, 2, n=3, 4. .. (2.36)

and the following estimate holds

flvn e = Z (1 Cr O+ e ODHP O+ w" &) Vi@ 1 < (2.37)
i=nl

t
cle—vilvein llde, n=384...
o
The inequalities (2.30) and (2.37) are the fundamental relationships for the proof of

the theorem.
We conclude from (2.30) and (2.14) that
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13

B
v < §e—ved (@ =1(N), B=1—0 (2.38)
1]
We introduce the integral
1
: T T (np+1)
I.,,(t)=ST"B(t—'t)"’d'[—_—Dﬂt(n*l)ﬂ, D"E_ﬁ'ﬂl_)?l_)_ﬁ-ﬂj]_ (2.39)

1]
Substituting (2.38) into (2.37) for n =3 and utilizing the definitions (2.39), we find

4

t
e e ) <5 (D) (¢ — o= dv = Duw1 (1)
[}
Applying (2.37) successively for n =4,5,..., we arrive at the estimate

c CT (B+1) [CT B -
19" ¢ Ul < 5 DaDa. .. Dl (T) = —Frim—syptar— 1" P1 (1) (2.40)

According to Lemma 5 in /5/, a series with the common term equal to the right side in
(2.40) will converge for any ¢ The convergence of the series with the common terms (;*, q;",
b*, A;", w", hence follows, which proves the representation (2.2), where

am=éaw»mw=émw»mm=§ﬁww=hz (2.41)

o

b= 3 80, of)=3 W)

To prove (2.4), we sum (2.36) over n =3, 4,... and we append (2.26), and taking account
of (2.41) we obtain the equation
A; = —m (MC, + DAy, i=1, 2 (2.42)

Utilizing the definition of the operators (2.16) and (2.32), and the notation for m in
(2.9), it can be confirmed that (2.42) and (2.4) are in agreement.

Formulas (2.3) are obtained by direct substitution of (2.2) into (1.1) and (1.3). The
theorem is proved.
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